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Abstract

We study when a structured low-rank Gaussian
variational posterior can certify a deterministic
predictor in a Bayesian neural network with fac-
torized layers W; = AiBZ.T . The same low-rank
Bayesian model gives rise to three natural cer-
tification targets: the posterior Gibbs predictor,
the posterior predictive mean, and a determinis-
tic center network. This paper focuses on the
deterministic-center route.

The main obstruction is factor non-identifiability:
(A;, B;) and (cA;,c 'B;) induce the same
weight matrix but different factor norms, so a
naive PAC-Bayes margin certificate in factor co-
ordinates is representation dependent. We resolve
this by passing to balanced factors obtained from
the singular value decomposition of the center
weights.

On this balanced factor space, we combine
Neyshabur’s PAC-Bayes margin framework with
rectangular Gaussian operator-norm bounds to de-
rive explicit perturbation budgets and a margin
bound for a deterministic center network. In the
balanced Gaussian variational setting, we give suf-
ficient conditions on the learned posterior scales
under which the variational posterior itself serves
as the certifying perturbation law, thereby yield-
ing a PAC-Bayes margin bound for the corre-
sponding deterministic center network through
the actual posterior geometry rather than through
an auxiliary perturbation chosen only for analysis.

The resulting certificate is representation-
invariant and is controlled through explicit
posterior-induced perturbation budgets tied to the
balanced geometry.
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1. Introduction

Bayesian neural networks offer a principled route to predic-
tive uncertainty, but standard Gaussian variational posteriors
scale with the full ambient weight dimension. Low-rank
factorized layers, W; = AiBlT , with 4; € R and
B; € RM-1X7i provide a structured alternative that re-
duces variational dimension and encodes weight correla-
tions through shared latent factors. In the Singular Bayesian
Neural Network (SBNN) framework introduced by [Toure &
Stephens| (2026), the same model gives rise to three distinct
certification targets: a posterior on factor space, the corre-
sponding posterior predictive mean, and a deterministic cen-
ter network. Related structured Bayesian neural-network pa-
rameterizations include Bayes by Backprop, matrix-variate
Gaussian posteriors, rank-1 Bayesian factors, and compact
low-rank posterior families (Blundell et al.| 2015} |Louizos &
‘Welling, 2016} [Dusenberry et al., [2020; [Swiatkowski et al.}
2020; |Ober & Aitchison, [2021)).

These three objects are paired with different risks and are
not certified by the same theorem. Posterior PAC-Bayes
control applies naturally to the Gibbs predictor (Catonil
2007; McAllester, 2003)); deterministic low-rank complex-
ity bounds such as |Pinto et al.| (2025) are relevant to the
predictive-mean route once an appropriate deterministic
envelope class has been identified; and the deterministic-
center route requires a separate perturbation-based argument.
The posterior and predictive-mean routes are developed
in detail in [Toure & Stephens| (2026)); here we isolate the
deterministic-center route, because this is where low-rank
factorization introduces a genuinely new certification issue.

That issue is factor non-identifiability. For every ¢ > 0, the
pairs (A;, B;) and (cA;, ¢! B;) induce the same weight
matrix A;B;" but different factor norms. A PAC-Bayes
margin certificate written naively in factor coordinates is
therefore representation dependent: the same deterministic
center can receive different apparent complexities depend-
ing on the chosen gauge. We remove this ambiguity by
passing to balanced factors constructed from the singular
value decomposition of the center weights. This makes the
certificate depend on intrinsic quantities of the realized cen-
ter matrices rather than on an arbitrary factor gauge. The
resulting control is representation-invariant and rank-aware
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Figure 1. Numerical illustration of the factor-rescaling pathol-
ogy on a scratch-trained low-rank Gaussian model. For gauge-
equivalent rescalings (A;, B;) — (cA;, ¢ ' B;), the realized cen-
ter network is unchanged up to numerical precision, but the naive
whole-network factor-space complexity varies by more than an
order of magnitude over the rescaling grid. In contrast, the bal-
anced complexity remains constant across c. This supports the
paper’s motivation for passing to balanced factors before certifying
deterministic center networks.

through the balanced geometry.

A small numerical sanity check supports this motivation.
On a synthetic scratch-trained low-rank Gaussian exam-
ple, we apply gauge-equivalent rescalings (4;, B;) —
(cA;, ¢ 1B;) while keeping the realized center network
fixed. Across a logarithmic grid of rescaling values, the
effective weight matrices and network outputs remain un-
changed up to numerical precision, while the naive whole-
network factor-space complexity varies by more than an
order of magnitude. By contrast, the balanced complex-
ity remains invariant across rescalings; see Figure[I] This
numerical check is included only to illustrate the gauge
pathology motivating balancing, not to validate the final
PAC-Bayes bound or the post hoc sigma conditions.

Our proof builds on the perturbation-based PAC-Bayes route
of Neyshabur et al.| (2018)). Starting from balanced center
weights, we analyze the perturbation induced by the learned
Gaussian posterior on factor space, translate it into induced
weight perturbations, and use rectangular Gaussian operator-
norm bounds (Vershynin, 2018 Theorem 4.4.5) to verify the
layerwise admissibility conditions required by Neyshabur’s
ReLU perturbation lemma. This yields explicit sufficient
conditions on the learned posterior standard deviations un-
der which the posterior noise preserves the center network’s
margins with probability at least 1/2, and therefore a PAC-
Bayes margin bound for the corresponding deterministic
center network. For completeness, we restate the two im-
ported Neyshabur lemmas in Appendix B}

This deterministic-center viewpoint sits between two nearby
literatures. Deterministic low-rank generalization bounds,

such as the Gaussian-complexity theorem of Pinto et al.
(2025)), provide rank-sensitive control for fixed low-rank
function classes but do not address posterior-induced objects
or factor-space gauge dependence. Classical PAC-Bayes
and norm-based neural-network bounds (McAllester, 2003
Catoni, [2007} [Bartlett et al.| [2017; |Dziugaite & Roy, 2017}
Neyshabur et al., 2018) control randomized predictors or
deterministic full-rank networks, but do not by themselves
resolve the representation issue created by low-rank factor-
izations. Algorithmic low-rank Bayesian methods, includ-
ing rank-1, matrix-variate, compact, and low-rank adapta-
tion variants (Dusenberry et al.| 20205 |Louizos & Welling,
20165 Swiatkowski et al.| 2020} [Yang et al.l [2024; [Wang
et al.| 2024)), focus mainly on scalable inference and uncer-
tainty estimation rather than object-specific certification. A
more detailed positioning relative to structured Bayesian
neural-network parameterizations, low-rank adaptation, and
adjacent PAC-Bayes work is deferred to Appendix [A]

Contributions.
tions.

The paper makes the following contribu-

1. We prove a PAC-Bayes margin certificate for a deter-
ministic center network in a low-rank Bayesian neural
network by working on balanced factor space. The
resulting certificate is representation-invariant and de-
pends on intrinsic quantities of the realized center
weights rather than on arbitrary factor gauges.

2. We show how Gaussian factor perturbations induce
admissible weight perturbations with explicit layer-
wise budgets via rectangular Gaussian operator-norm
control, closing the low-rank bridge needed to apply
Neyshabur et al.| (2018]).

3. In the balanced Gaussian variational setting, we de-
rive explicit sufficient conditions on the learned pos-
terior standard deviations under which the variational
posterior itself is Neyshabur-admissible, thereby certi-
fying the corresponding deterministic center network
through the learned posterior geometry.

4. We position this result inside the broader three-object
framework of [Toure & Stephens|(2026), where poste-
rior, predictive-mean, and deterministic-center general-
ization are distinct certification problems.

2. Setup
2.1. Low-rank networks and induced objects

Let X CR%,letY = {1,...,k},andlet Z = X x ). We
consider depth-D bias-free ReLU score networks with input
dimension hg := dy and output dimension hp := k, whose
layer weights are factorized as W; = A; B with A; €
Rrx7mi and B; € RM-1%"i for i = 1,...,D. Here the
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tuple of ranks = (r1,...,rp) is treated as a fixed model
hyperparameter chosen before observing the training sample.
For a factor tuple (A, B) = (41, B1,...,Ap, Bp), the
associated predictor is

fas(@) =Wp {Wp_1¢(-- ¢(Wiz)--)),

where ¢(t) = max{t,0} is applied coordinatewise. By
construction, rank(W;) < r; for every layer.

We write the ambient factor space as

D

0 1= T[(RH*" x Bbr7),

i=1

A low-rank Bayesian neural network places a posterior on
O,., and the same model induces three natural objects.

Posterior. A posterior () on O, defines a randomized
Gibbs predictor by sampling (4, B) ~ @ and evaluating
faB.

Posterior predictive mean. Whenever
Ea.py~o|llfa,5(@)|,] < oo for every 2 € X, the
posterior predictive mean is the deterministic predictor
Jom@(x) = Ea,B)~qlfa,B(x)]. When the posterior
depends on the sample S, we write Qs and fpm, s.

Deterministic center. A deterministic factor tuple w =
(A1, By,...,Ap,Bp) € O, defines a deterministic center
network fi := fz p- This is the certified object in the main
theorem of the present paper.

The posterior, predictive mean, and deterministic center are
distinct certification targets. In this paper we retain the first
two mainly to keep that distinction explicit; the theorem
developed below concerns the deterministic center.

2.2. Risk and margin notation

Let D be a distribution on £Z = X x Y. Let S =
((x1,91), -, (Tm, Ym)) € Z™ be a sample of size m, and

let £ : R* x Y — [0, 1] be a bounded measurable loss. For
a posterior () on ©,., the Gibbs population and empirical
risks are

La(Q) = E(a,B)~@ E@y)~p [((fa,5(x),y)],

La(Q) = E(A,B)~Q% > U fas(x;),v5)-
j=1
For a deterministic predictor g X — Rk we
write Ly(g) = Eqpll(9(z),y)] and Les(g) =
= g (x5), y5)-
The deterministic-center theorem is a margin theorem, so
from this point on we specialize to multiclass classifica-

tion on a bounded input domain. Let Xz := {x € X :
|lz||, < B} and assume D(Xp %)) = 1. For a score vector

v € R¥ and alabel y € ), define the multiclass margin by
margin(v,y) := v, — max;-, v;. The associated classifi-
cation risk is Lo (g) := Py, p(9(x)y < max;z, g(z);),
and the empirical margin loss at level v > 0 is

m

. 1
Lys(g)i=—> 1{g(rj)yj <7+ gg}xg(wj)r} :
J

j=1

Thus the posterior is naturally paired with Gibbs risk, the
predictive mean with an ordinary deterministic loss, and the
deterministic center with a margin-based classification risk.

2.3. Balanced deterministic center

The main technical issue in the deterministic-center route
is factor non-identifiability. For every ¢ > 0, the pairs
(A;, B;) and (cA;, ¢! B;) induce the same weight matrix
A;B;". A deterministic certificate written directly in factor
coordinates is therefore representation dependent.

To remove this scalar-rescaling ambiguity, we work with
balanced factors constructed from the singular value decom-
position of the center weights.

Definition 2.1 (Balanced center). Let W; € R *"i-1 be a
deterministic center weight matrix with intrinsic rank s; :=
rank(W;) < r;, and let W; = U;3;V," be its thin singular
value decomposition.

Define the unpadded balanced factors by A; = UZ-EE /2 ¢
RM>% and B; = V;5;/* € RM=%% If 5; < 7y, pad
these matrices with zero columns to obtain A; € R *7:

and B; € R"-1*" Then W; = A;B;", and the balanced
identities

1Al = 1B = Wil Al = 1Bl = W)l
hold. These identities follow immediately from the thin
SVD and are unaffected by the zero padding. In the SBNN
setting, W, is the deterministic center weight matrix ex-
tracted from the learned posterior means and then repre-

sented through its balanced factorization.

The tuple w = (A1, By,...,Ap, Bp) € O, is called a
balanced center, and the associated predictor is denoted by
fw. The balanced construction selects a canonical represen-
tative of the center weights inside factor space and is the
key device that makes the deterministic-center certificate
representation-invariant.

2.4. Gaussian posterior model around the balanced
center

The center-network theorem studied below is expressed
in terms of a Gaussian variational posterior on the fixed
factor space ©, whose deterministic center is represented
in balanced coordinates. Concretely, after identifying the
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deterministic center weights W; and their balanced factor-
ization W; = fliBi—r , we consider for each layer a Gaus-
sian posterior on O, centered at the padded balanced fac-
tors A; and B;, so that a posterior draw has the form
A, = AZ + O'AiEAi and B; = Bl + O'B,iEB,” where
Z4, € RMX7i and Zp, € R"-1%"i are independent stan-
dard Gaussian matrices and 0 4,, 0, > 0 are learned poste-
rior scales.

Thus the theorem is applied after expressing the determin-
istic center in its balanced factorization on the fixed rank-r
space. Because A;B,” = W, this posterior describes Gaus-
sian factor perturbations around the same deterministic cen-
ter weights 7; and hence around the same center network
fw- Each such draw induces a score network through the
realized weights W, = AiBl-T by the same formula as in
Section 2] The main question in the next section is whether
this learned posterior noise is small enough to serve as a
Neyshabur-admissible perturbation around that center net-
work. We answer this by deriving explicit perturbation bud-
gets and corresponding sufficient conditions on the learned
scales 04, and o ,.

3. Center Certification from a Learned
Gaussian Low-Rank Posterior

The broader SBNN framework gives three distinct objects:
the posterior predictor, the posterior predictive mean, and
a deterministic center network. The first two have their
own certification routes elsewhere. In this section we focus
only on the third object. Our question is the following:
when does the Gaussian posterior learned by the SBNN
induce a perturbation around its deterministic center that
is small enough to trigger Neyshabur’s PAC-Bayes margin
argument? The answer is expressed directly in terms of the
learned posterior scales 0 4, and o g, .

Throughout the section, let w = (A1, By,...,Ap, Bp)
be the balanced center from Section [2| let W, = fL—BZ.T
denote the corresponding center weights, and let f; be the
associated deterministic center network. We work on the
fixed factor space O,..

3.1. Posterior-induced perturbation budgets
Let

D
Q:= ®N(V6C(Ai)7giilhﬂ‘i) ®N(veC(Bi)7U2BiIhi—l7‘i)

i=1

be the Gaussian variational posterior learned by the bal-
anced SBNN on O,., where 04, > 0 and o, > 0 for every
layer. Here Iy, and I}, ,,, denote the identity matrices
on the vectorized spaces R""* and R"-1". A posterior
draw can be written as A; = A; + 04,24, and B; =
B; + 0p,Ep,, where Z4, € R"*" and Zp, € Rhi-1x7i

are independent standard Gaussian matrices. The induced

weight perturbation is AW, := A; B — W;.

For each layer i and each ¢ > 0, define a;(t) := Vh; +
\/ﬁ—&—tandbi(t) = /hi_1 + \/’fTi-i-t.
Proposition 3.1 (Posterior-induced perturbation budgets).

Assume ||W;||2 > 0 for every layeri =1, ..., D. For each
layer i and each t > 0, define

a5,;bi(t)[| Aill2 + 04, a:() || Bl 2
[Will2
oa;08,a;i(t)b;i(t)
[Will2

pe(t) =
J’_

Then, with probability at least 1 — 4De‘t2/2, the inequal-
ities | AW;||2 < p&(t)||Will2 hold simultaneously for all

i

layersi=1,...,D.

Since the center is balanced, this simplifies to

04,0i(t) + 0B, bi(t)

Wil

oa,08,a;(t)bi(t)
[Will2

pe(t) =

+

Proof. A draw from () can be written as A; = A+o A,24,
and B; = B; + op,=p,. Hence

AW; = A;B] — W,
= (/_11 + aAiEA,i)(Bi + chiEBi)T — /_LBZT
= Ai(05,Z8,)" + (04,54,)B] + (04,54,)(05,Z5,)"
Therefore,

[AW]l2 < [|Aill2 [los,Z5, |2
+ lloa,Ea;ll2 | Bill2

+ ||0—A1'EA7: H2 Ho-BiEBi H2

For each layer ¢, Vershynin’s rectangular Gaussian operator-
norm bound (Vershynin, 2018, Theorem 4.4.5) gives
P([Ea, [l2 > ai(t)) < 2¢7"/2 and P(|E, [l > bi(t)) <
2¢~%"/2. A union bound over the 2D Gaussian matrices
therefore shows that, with probability at least 1 — 4Det*/ 2
IE4;1l2 < ai(t) and [|Ep,[l2 < bi(t) hold simultaneously
for every layerv =1,...,D.

On this event, ||c4,Z4,]2 < 04,0;(t) and ||, =5,
o, b;i(t), so the previous norm estimate yields

2 <
[AWill2 < 05, bi()[| Ai2
+ oa,ai(t)||Bill2
+ oa,0B,a:(t)bi(t).
Dividing by ||W;]|2 gives

IAW:ll2 o5,bi(t)[| Aill2 + 0a,a:(t) || Bl 2 n

oa,0B,ai(t)bi(t)

W2 [Will2 Wil

=p2(1)
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Equivalently, || AW;]|2 < P?(t)HW1||2

Since the center is balanced, ||4;||2 = || B;|l2 = ||Wi||é/2,
and substituting these identities into the definition of piQ (t)
gives the simplified balanced formula.

3.2. Explicit sigma conditions

The previous proposition expresses the perturbation size
through the quantities p?(t). To make the depen-
dence on the learned posterior scales more transpar-
ent, define z;(t) = oa,a;(t)/||Wi|y/? and y;(t) =
opbit)/[Willy. Then p2(t) = wi(t) + uit) +
zi()yi(t).

Corollary 3.2 (Explicit sigma conditions for posterior ad-

missibility). Assume ||W;||2 > 0 for every layer, fix t > 0,
and let e denote Euler’s number. If

—t%/2 1
4D <5
i (t) + s (t) + zi(t)ys(t) < % foreveryi=1,...,D,
- v
(@i(t) +yi(t) + 2Oy (1) < ——5 =,
; 4eBTiL, [IW;ll2
then

1
Piamra( sup Ifan() - fa@lle < 7) 2 5
rEXpB

Proof. By Proposition with probability at least 1 —

4De= /% we have |AW; |5 < sz(t)HWLHQ for all layers.
Under the displayed conditions, this event has probability

at least 1/2 and also satisfies |AW;|2 < |W;||2/D for
every layer. The imported ReLLU perturbation lemma from
Appendix [B] therefore gives, for every z € X,

1a.5(2) = fa(@)]l2 < eB(ﬁ gy (i 0)

Jj=1

2
< —.
4

Since ||[v]joo < ||v||2 for every v € RE, the displayed
probability bound follows. O

Remark 3.3 (Post hoc certification checklist). Given a
learned posterior, one checks the certificate by: choosing ¢
so that 4De~**/2 < 1 /2; computing the layerwise budgets
p?(t); verifying the layerwise condition piQ (t) <1/D and
the summed margin condition; and then evaluating the PAC-
Bayes term KL(Q||P) under a fixed sample-independent

prior.

3.3. Main center-network theorem

We can now state the actual center-network certificate for
the learned SBNN.

Theorem 3.4 (Center-Network PAC-Bayes Certificate for
a Learned Gaussian SBNN). Let S be a training sample
of size m > 2, let Q = Qg be the balanced Gaussian
variational posterior on the fixed factor space O, learned
from S, and let P be any prior on the same fixed factor space
O, that is independent of the training sample. If the sigma
conditions of Corollary hold, then with probability at

least 1 — 0 over a training sample of size m,

Lo(fa) < iw,s(fm) n 4\/KL(QHP) + log(6m/5).

m—1

In particular, whenever the Gaussian posterior learned
by the SBNN has standard deviations satisfying those con-
ditions, the corresponding center network learned by that
SBNN satisfies the above margin bound.

Proof. Corollary verifies exactly the margin-
preservation event required by the PAC-Bayes margin
lemma stated in Appendix [B] with perturbation law Q
around the deterministic center fz. Applying that lemma
yields the bound. O

Remark 3.5 (A concrete fixed prior). A natural concrete
choice is a fixed isotropic Gaussian prior on the prescribed
factor space ©,., namely

D
P, = ®N(vec(0), Tf\ifhm) ®N(vec(0),7']23111h1,_1”),
i=1

where the scales 74,, 7, > 0 are chosen before observing
the training sample. For the Gaussian posterior (), the di-
vergence KL(Q||P;) is then available in closed form by the
standard formula for Gaussians with diagonal covariances,
so the theorem can be instantiated without introducing a
data-dependent prior.

Interpretation. This is the center-network certificate for
the SBNN framework. The certified object is the determinis-
tic center network f, not the posterior Gibbs predictor and
not the posterior predictive mean. What the theorem shows
is that explicit conditions on the learned posterior scales o 4,
and o p, are sufficient to make the posterior-induced noise
Neyshabur-admissible, and therefore sufficient to certify
the corresponding center network learned by the BNN. In
this sense, the result is post hoc: after training, one checks
whether the learned posterior scales satisfy the sufficient
conditions, and if they do, one obtains a PAC-Bayes cer-
tificate for the deterministic center. The theorem itself is
stated with an arbitrary sample-independent prior on the
fixed factor space O,; the learned posterior enters through
the perturbation event and the KL term. Failure of these
sufficient inequalities does not imply that posterior-induced
margin preservation fails; it only means that the present
certificate does not verify it.
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3.4. Theorem-Aligned Numerical Findings

To complement the theoretical development, we performed
a post hoc numerical instantiation of the deterministic-center
certificate in a synthetic setting matched to the assumptions
of the theorem. A bias-free low-rank ReLU teacher network
with one hidden layer generates bounded inputs satisfying
the exact norm constraint B = 1 and multiclass labels by
argmax of its score outputs. The student is a low-rank Gaus-
sian ReLLU score network with a linear output layer and no
biases. After training, we extract the balanced deterministic
center from the learned posterior means, use a fixed isotropic
Gaussian prior on the prescribed factor space, and evaluate
the certificate quantities over a posterior-scale multiplier «,
where a = 1 corresponds to the learned posterior.

Figure [2| summarizes the best run. At the learned pos-
terior scale, the layerwise condition is satisfied, with
max; Dpf2 (t) = 0.175 < 1, and the validation-set Monte
Carlo proxy for the perturbation event is high, with (1) =
0.980. However, the normalized summed margin quan-
tity remains above threshold, taking value 37.45, so the
learned posterior does not satisfy the theorem’s sufficient
conditions at « = 1. The empirical bottleneck is there-
fore not individual-layer admissibility but the accumulated
margin-preservation bound. At smaller posterior scales, the
sufficient inequalities do become feasible in this setting; for
example, at @ = 0.02 we obtain max; Dp® () = 0.00342
and normalized summed condition 0.734.

These findings suggest that, in a theorem-aligned low-rank
ReLU regime, the deterministic-center certificate captures
a meaningful perturbative structure: the learned posterior
already satisfies the layerwise condition and exhibits a high
empirical perturbation-event probability, while the main
remaining obstruction is the conservativeness of the global
summed margin bound. This experiment should therefore be
interpreted as a numerical instantiation and conservativeness
study for the certificate, rather than as an empirical proof of
the PAC-Bayes theorem.

4. Discussion and Conclusion

The main result of this paper is a PAC-Bayes margin certifi-
cate for the deterministic center network f in the low-rank
SBNN framework. The certified object is therefore nei-
ther the posterior Gibbs predictor nor the posterior predic-
tive mean, but the deterministic center associated with the
learned balanced factorization. This distinction is essential:
the three objects arising from the same low-rank Bayesian
model remain genuinely different certification targets.

The technical role of balancing is to remove the representa-
tion dependence created by factor rescaling. Without balanc-
ing, different factorizations of the same deterministic weight
matrix can carry different factor norms and hence different

A. Sufficient-condition terms B. Perturbation proxy
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Figure 2. Theorem-aligned post hoc deterministic-center certificate
quantities for the best tested bias-free low-rank ReLU student.
Panel A shows the normalized layerwise quantity max; Dp; and
the normalized summed margin condition as the posterior scale
multiplier « varies; the horizontal line marks the theorem threshold
1, and the vertical line marks the learned posterior scale o« = 1.
Panel B shows the validation-set Monte Carlo proxy p(«) for the
perturbation event, with the horizontal line at 1/2.

apparent PAC-Bayes complexities. The balanced construc-
tion selects a canonical representative in factor space, mak-
ing the resulting certificate depend on intrinsic quantities of
the realized center weights and on explicit posterior-induced
perturbation budgets.

A practical limitation is that the sufficient conditions de-
rived here can be stringent. As in related margin-based
PAC-Bayes analyses, the perturbation control depends on
the product of layer spectral norms, and the admissibility
argument requires each layerwise perturbation to remain
at most on the order of |W;||2/D. For deep networks or
poorly controlled spectral norms, these requirements may
be difficult to satisfy and can lead to vacuous certificates.
Accordingly, the present paper establishes a rigorous certifi-
cation route for the deterministic center but does not claim
that the resulting bound is typically non-vacuous in large
modern networks. The current theorem is also restricted
to bias-free fully connected ReLU networks; extending the
same representation-invariant certification strategy to bias
terms, convolutional layers, or other structured low-rank
parameterizations is a meaningful next step.

The posterior-noise result sharpens the interpretation of the
theorem. It shows that explicit conditions on the learned
posterior scales 04, and op, are sufficient to make the
posterior-induced noise Neyshabur-admissible, and there-
fore sufficient to certify the center network learned by the
BNN. In this sense, the result is post hoc: after training, one
checks whether the learned posterior scales satisfy the suffi-
cient conditions, and if they do, one obtains a PAC-Bayes
certificate for the deterministic center.

Thus, within the broader three-certificate SBNN framework,
the contribution of this paper is the deterministic-center
route: a representation-invariant, rank-aware PAC-Bayes
margin certificate together with explicit sufficient condi-
tions under which the learned Gaussian posterior certifies
its corresponding center network.
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When Does a Low-Rank Bayesian Neural Network Certify Its Deterministic Center?

A. Extended Related Work

Our center theorem sits at the intersection of structured variational inference, low-rank neural-network theory, and PAC-Bayes
generalization.

Bayesian neural networks and structured variational posteriors. Bayes by Backprop (Blundell et al.,|2015) established
the modern variational-Bayesian neural-network template with factorized Gaussian posteriors. Later work enriched posterior
structure through matrix-variate Gaussian families (Louizos & Welling| 2016), compact low-rank parameterizations of
posterior variance (Swiatkowski et al.| [2020), global inducing-point correlated posteriors (Ober & Aitchison, |[2021)), and
rank-1 Bayesian factors designed for scale (Dusenberry et al.,|2020). These papers study scalable inference and uncertainty
quality, whereas our question is which generalization object a low-rank posterior certifies and how the resulting certificate
depends on factor representation.

Low-rank adaptation and Bayesian PEFT. Low-rank structure also appears in parameter-efficient adaptation. LoORA
(Hu et al.,|2022) introduced low-rank updates for large pretrained models, and Bayesian variants such as Laplace-LoRA
(Yang et al.l 2024) and BLoB (Wang et al., [2024)) place posterior uncertainty on low-dimensional factor spaces. These
methods are algorithmically close in spirit because they Bayesianize low-rank coordinates, but their goals are calibration
and efficient fine-tuning rather than end-to-end generalization certificates for deterministic center networks.

Deterministic low-rank generalization bounds. On the deterministic side, Pinto et al.| (2025) derive vector-valued
Gaussian complexity bounds for neural networks with low-rank layers under explicit spectral-norm and rank constraints.
Their theorem provides rank-sensitive control for deterministic low-rank classes and is the relevant deterministic envelope
result behind the predictive-mean route in [Toure & Stephens|(2026). It does not, however, address posterior-induced objects,
perturbation-based center certificates, or the gauge dependence created by factor-space rescaling.

PAC-Bayes and norm-based bounds for neural networks. Classical PAC-Bayes theory (McAllester, 2003; |Catoni,
2007) measures complexity through posterior-to-prior divergence, and computable nonvacuous deep-network PAC-Bayes
bounds show that such certificates can remain numerically meaningful at modern scales (Dziugaite & Royl [2017)). Norm-
based bounds for deterministic deep networks, including spectrally normalized margin bounds (Bartlett et al., [2017)),
tie generalization to products of operator norms and margin terms. The perturbation-based PAC-Bayes margin route of
Neyshabur et al.|(2018) is the direct starting point for our center theorem. Scale-invariant and path-norm-based margin
bounds are also conceptual neighbors, since they seek parameterization-robust complexity measures, but they do not address
low-rank Bayesian factor posteriors or deterministic-center certification in the present sense.

What is new in the present paper. The distinctive point here is not a new generic PAC-Bayes inequality and not a new
deterministic low-rank class bound. It is the combination of three ingredients: object-specific certification for low-rank
Bayesian networks, a balanced-factor repair of the rescaling pathology (A;, B;) — (cA;,c¢~'B;), and a posterior-noise
specialization showing that in the balanced Gaussian setting the variational posterior itself can serve as Neyshabur’s
certifying perturbation law. The broader three-object program, including the posterior and predictive-mean routes, is
developed in|Toure & Stephens|(2026); the present paper isolates the deterministic-center route because it is where low-rank
non-identifiability becomes theorem-critical.

B. Imported Neyshabur Lemmas

For the deterministic-center route, we use two results imported from Neyshabur et al.| (2018)). We restate them here in the
notation used in the main text. In our application, the deterministic parameter is the balanced center w, the corresponding
predictor is f;, and the layerwise perturbations in weight space are the induced matrices U; = AW; = A; B,/ — W,. Thus
the generic perturbation notation in the imported lemmas is instantiated through posterior-induced perturbations of the
balanced center network.

Lemma B.1 (PAC-Bayes margin lemma, after[Neyshabur et al. (2018)). Let f., : Xp — R¥ be any predictor with parameter
w. Let P be any distribution on parameters that is independent of the training sample. Let u be a random perturbation of w,
and let QQ,, denote the law of w + u.
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Assume that
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Then, for every v > 0 and every 0 € (0, 1), with probability at least 1 — § over a training sample of size m > 2,
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Lemma B.2 (ReLU perturbation lemma, after|Neyshabur et al.|(2018))). Let f,, be a depth-D bias-free ReLU network on
Xp, and let Uy, ...,Up be perturbation matrices for the deterministic weights W1, ..., Wp.

Assume that )
Uil < BHVVZH2 foreveryi=1,...,D. 3)

Then, for every x € Xp,
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Remark B.3. Here and throughout, e denotes Euler’s number.

Remark B.4. Since ||v||_ < |Jv]|, for every v € R¥, any upper bound by ~/4 on the right-hand side of Lemmaimplies
the hypothesis of Lemma [B.T]
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